Introduction {#Sec1}
============

Collecting spatial data efficiently (see eg. Müller [@CR28]) is a problem that is frequently neglected in applied research, although there is growing literature on the subject. Various spatial sampling and monitoring situations such diverse as e.g. for stream networks (Dobbie et al. [@CR9]), water (Harris et al. [@CR19]) and air quality (Bayraktar and Turalioglu [@CR2]), soil properties (Lesch [@CR21] and Spöck and Pilz [@CR35]), radioactivity (Melles et al. [@CR25]), biodiversity (Stein and Ettema [@CR36]), or greenland coverage (Mateu and Müller [@CR24]) are discussed therein.

Those approaches predominately follow a (parametric) model-based viewpoint. Here, the inverse of the Fisher information matrix represents the uncertainties involved and it is its minimization through a prudent choice of monitoring sites that is desired. This corresponds to the selection of inputs or settings (the design) in an experiment and can thus draw from the rich literature on optimal experimental design (see eg. Fedorov [@CR14] or Atkinson et al. [@CR1]). There a so-called design criterion, usually a scalar function of the information matrix, is optimized by employing various algebraic and algorithmic techniques. Often the design criterion can be interpreted as an expected utility of the experiment outcome (the collected data), and if this expected utility is an easy to evaluate function of the design settings, the optimal design can be found analytically. In Bayesian design, the design criterion is usually some measure of the expected information gain of the experiment (see e.g. Hainy et al. [@CR18]), which is also called the expected utility. As utility function one would typically use convex functionals of the posterior distribution, such as the Kullback-Leibler divergence between the (uninformative) prior and the posterior distribution, to measure the additional information gained by conducting the experiment (Chaloner and Verdinelli [@CR5]).

For problems where neither maximization of the design criterion nor the integration to evaluate the expected utility can be performed, simulation-based techniques for optimal design were proposed in Müller ([@CR26]) and Müller et al. ([@CR27]). For instance, the expected utility can be approximated by Monte Carlo integration over the utility values with respect to the prior predictive distribution.

In Bayesian design problems, the utility is typically a complex functional of the posterior distribution. Hence, a strategy could be to generate values for the parameters by employing simulation methods like Markov chain Monte Carlo (MCMC) and use these to approximate the utility values. However, as one has to generate a sample from a different posterior for each utility evaluation, this can be computationally very expensive.

We will further assume that the likelihood is not available analytically. In that case it is not possible to employ standard Bayesian estimation techniques. Therefore, we propose to use approximate Bayesian computation (ABC) methods for posterior inference. It is our new approach to utilize these methods for solving optimal design problems. We will also present a solution to quickly re-evaluate the utility values for different posterior distributions by using a large pre-simulated sample from the model.

We illustrate the application of the methodology to derive optimal designs for spatial extremes models. As noted in Erhardt and Smith ([@CR11]), models specifically designed for extremes are better suited than standard spatial models to model dependence for environmental extreme events such as hurricanes, floods, droughts or heat waves. A recent overview of modeling approaches for spatial extremes data is given in Davison et al. ([@CR7]). We will focus on models for spatial extremes based on max-stable processes to derive optimal designs for the parameters characterizing spatial dependence.

Max-stable processes are useful for modeling spatial extremes as they can be characterized by spectral representations, where spatial dependence can be incorporated conveniently. A drawback of max-stable processes is that closed forms for the likelihood function are typically available only for the bivariate marginal densities. Hence, inference using ABC as in Erhardt and Smith ([@CR11]) is a natural avenue. Often the so-called Schlather model (Schlather [@CR31]) is employed, which models the spatial dependence in terms of an unobserved Gaussian process. It usually creates a more realistic pattern of spatial dependence than the deterministic shapes engendered by the so-called Smith model (Smith [@CR34]), which is another very popular model for spatial extremes. Moreover, simulations from the Schlather model can be obtained fairly quickly compared to more complex models, which is important when using a simulation-heavy estimation technique such as ABC.

In our application we consider optimal design for the parameters characterizing the dependence structure of maximum annual summer temperatures in the Midwest region of the United States of America. The problem is inspired by the work of Erhardt and Smith ([@CR12]), who use data from 39 sites to derive a model for pricing weather derivatives. Our aim is to rank those sites with respect to the information they provide on the unknown dependence parameters. In this the paper is comparable to Chang et al. ([@CR6]), who employ a different entropy-based technique in a similar context. Note, however, that our approach is not limited to this specific application, but could be easily adapted for other purposes.

Shortly before finalizing a first technical report on this topic (Hainy et al. [@CR16]), we have learned of the then unpublished paper by Drovandi and Pettitt ([@CR10]), wherein similar ideas have been developed independently. However, while the basic concept of fusing a simulation-based method with ABC is essentially the same, our approach differs in various ways, particularly on how the posterior for the utility function is generated. Furthermore, we additionally suggest ways of how the methodology can be turned sequential so as to be made useful for adaptive design situations. A very general version of our concept is introduced in Hainy et al. ([@CR17]), whereas in the current exposition we give a detailed explanation of how to employ it in a specific practical situation.

The paper is structured as follows. Section [2](#Sec2){ref-type="sec"} reviews the essentials of simulation-based optimal design as well as the various improvements and modifications lately suggested. Sect. [3](#Sec3){ref-type="sec"} is the core of the paper and details our approach to likelihood-free optimal design with a brief section on essentials of approximate Bayesian computation. Section [4](#Sec9){ref-type="sec"} provides an overview of modeling spatial extremes based on max-stable processes. These are needed in the application in Sect. [5](#Sec13){ref-type="sec"}. Finally, Sect. [6](#Sec18){ref-type="sec"} provides a discussion and gives some directions for future research.

The programs for the application were mainly written in R. The R-programs include calls to compiled C-code for the computer-intensive sampling and criterion calculation procedures. We used and adapted routines from the R-packages evd (Stephenson [@CR37]) and SpatialExtremes (Ribatet and Singleton [@CR30]) to analyze and manipulate the data and to simulate from the spatial extremes model. For simulating large samples or performing independent computations, we used the parallel computing and random number generation functionalities of the R-packages snow (Tierney et al. [@CR38]) and rlecuyer (Sevcikova and Rossini [@CR32]). All the computer-intensive parallelizable operations were conducted on an SGI Altix 4700 symmetric multiprocessing (SMP) system with 256 Intel Itanium cores (1.6 GHz) and 1 TB of global shared memory.

Simulation-based optimal design {#Sec2}
===============================
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Optimal design, see eg. Atkinson et al. ([@CR1]), generally has the goal to determine the optimal configuration $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varvec{\xi}}^*$$\end{document}$ with respect to a criterion $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U({\varvec{\xi}})$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varvec{\xi}}^* = \arg \underset{\varvec{\xi}}{\sup} \,U({\varvec{\xi}}), \quad {\varvec{\xi}}\in \Xi.$$\end{document}$$We adopt a Bayesian approach and assume that a prior distribution $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p({\varvec{\vartheta}})$$\end{document}$ is specified to account for parameter uncertainty. The prior distribution usually does not depend on the design $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varvec{\xi}}$$\end{document}$. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u({\mathbf{z}},{\varvec{\vartheta}},{\varvec{\xi}})$$\end{document}$ denotes a utility function and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_{\varvec{\xi}} ({\mathbf{z}},{\varvec{\vartheta}}) = p_{\varvec{\xi}} ({\mathbf{z}}|{\varvec{\vartheta}}) p({\varvec{\vartheta}})$$\end{document}$ is the joint density of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbf{z}}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varvec{\vartheta}}$$\end{document}$, the expected utility is given as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U({\varvec{\xi}}) = \int _{{\varvec{\vartheta}}\in \Theta} \int _{{\mathbf{z}}\in {\fancyscript{Z}}} u({\mathbf{z}},{\varvec{\xi}},{\varvec{\vartheta}}) \; p_{\varvec{\xi}} ({\mathbf{z}},{\varvec{\vartheta}}) \; {\mathrm{d}} {\mathbf{z}}\; {\mathrm{d}} {\varvec{\vartheta}}.$$\end{document}$$For reasonable choices of utility functions and a detailed introduction into Bayesian optimal design see Chaloner and Verdinelli ([@CR5]).

In many applications, neither analytic nor numerical integration is feasible, but simulation-based design can be performed by approximating the criterion by Monte Carlo integration,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U({\varvec{\xi}}) \approx \hat{U}({\varvec{\xi}}) = \frac{1}{K} \sum _{k=1}^K u({\mathbf{z}}^{(k)},{\varvec{\xi}},{\varvec{\vartheta}}^{(k)}),$$\end{document}$$if samples $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{({\mathbf{z}}^{(k)},{\varvec{\vartheta}}^{(k)}), \, k=1,\ldots ,K \}$$\end{document}$ from the joint distribution $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_{\varvec{\xi}}({\mathbf{z}},{\varvec{\vartheta}})$$\end{document}$ can be generated and the utility $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u(.)$$\end{document}$ is easy to evaluate. Sampling from the joint distribution can typically be performed by sampling $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varvec{\vartheta}}$$\end{document}$ from its prior distribution and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbf{z}}$$\end{document}$ from the likelihood $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_{\varvec{\xi}}({\mathbf{z}}|{\varvec{\vartheta}})$$\end{document}$.

Often however, design criteria are not straightforward to evaluate as they require some integration: classical criteria, e.g. based on the Fisher information matrix such as D-optimality, are defined as expected values of some functional with respect to the likelihood, $\documentclass[12pt]{minimal}
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A very general form of simulation-based design, which was proposed by Müller ([@CR26]), further fuses the approximation and the optimization of $\documentclass[12pt]{minimal}
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We further assume that neither the likelihood nor the posterior is available in closed form. Hence we will use ABC methods to sample from the posterior distribution to approximate the Bayesian design criterion, see Sect. [3](#Sec3){ref-type="sec"} for a detailed description.

We will also consider the more general case where the prior distribution of the parameters, $\documentclass[12pt]{minimal}
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Likelihood-free optimal design {#Sec3}
==============================

In this section we will elaborate on particular aspects of simulation-based optimal design without using likelihoods. The general concept was introduced in Hainy et al. ([@CR17]) and termed "ABCD" (approximate Bayesian computation design). The first two subsections review some basic notions of ABC, whereas the last presents two variants for approximating a design criterion by $\documentclass[12pt]{minimal}
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Approximate Bayesian computation (ABC) {#Sec4}
--------------------------------------

To tackle problems where the likelihood function cannot be evaluated, likelihood-free methods, also known as approximate Bayesian computation, have been developed. These methods have been successfully employed in biogenetics (Beaumont et al. [@CR3]), Markov process models (Toni et al. [@CR39]), models for extremes (Bortot et al. [@CR4]), and many other applications, see Sisson and Fan ([@CR33]) for further examples.
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This algorithm draws from the ABC posterior$$\documentclass[12pt]{minimal}
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Accuracy of ABC {#Sec5}
---------------

ABC estimates suffer from different sources of approximation error: first, choosing the tolerance level $\documentclass[12pt]{minimal}
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Utility function estimation using ABC methods {#Sec6}
---------------------------------------------

We consider Bayesian information criteria, where the utility function, $\documentclass[12pt]{minimal}
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For an intractable likelihood, a sample obtained by ABC methods can be used to approximate the utility function $\documentclass[12pt]{minimal}
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The major difficulty with this strategy is that it requires one to obtain the ABC posteriors $\documentclass[12pt]{minimal}
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### Utility function estimation using ABC rejection sampling {#Sec7}

One solution to the problem of having to quickly re-compute the ABC posteriors $\documentclass[12pt]{minimal}
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### Utility function estimation using importance weight updates {#Sec8}
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Following Del Moral et al. ([@CR8]), we define the ABC target posterior as$$\documentclass[12pt]{minimal}
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Spatial extremes {#Sec9}
================

In this section we review some basic concepts of extreme value theory which are needed in our application in Sect. [5](#Sec13){ref-type="sec"}.

Max-stable processes {#Sec10}
--------------------

The joint distribution of extreme values at given locations $\documentclass[12pt]{minimal}
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The cumulative distribution function of the univariate GEV distribution is given as$$\documentclass[12pt]{minimal}
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Dependence structure of max-stable processes {#Sec11}
--------------------------------------------

The multivariate distribution of a max-stable process with unit Fréchet margins at the locations $\documentclass[12pt]{minimal}
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### Extremal coefficients {#Sec12}

A useful summary measure for extremal dependence is given by the extremal coefficients, which are defined via the marginal cdfs of a max-stable process. From ([4.2](#Equ10){ref-type=""}) and ([4.3](#Equ11){ref-type=""}), the joint cdf of $\documentclass[12pt]{minimal}
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Application {#Sec13}
===========

We illustrate our likelihood-free methodology on an application where the aim is to find the optimal design for estimating the parameters characterizing the dependence of spatial extreme values. As our example is meant to illustrate the basic methodology, we use a simple design setting.

The problem we consider is inspired by the paper of Erhardt and Smith ([@CR12]), who use data on maximum annual summer temperatures from 39 sites in the Midwest region of the USA for pricing weather derivatives. Figure [1](#Fig1){ref-type="fig"} shows a map of the 39 weather stations. The dots (bottom left and top right) indicate the two stations with the largest mutual distance, which we will include in each design. Our goal is to determine which of the remaining 37 stations, indicated by the numbers 1--37, should be kept to allow optimal inference for the spatial dependence parameters. Thus we intend to find the optimum three-point design.Fig. 1Locations and numbers of weather stations in the Midwest region of the USA

We specify the spatial extremes model as a Schlather model (Schlather [@CR31]) with the Whittle--Matérn correlation function. The Schlather model requires us to select a correlation function, which is also part of the model choice. However, the Whittle--Matérn correlation function is a quite flexible correlation function. It is specified as$$\documentclass[12pt]{minimal}
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As utility function we choose the posterior precision of the range parameter $\documentclass[12pt]{minimal}
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For a three-point design, the gain in information from the prior to the posterior distribution will be very low unless many observations are available. Therefore, we obtain the optimal design for samples of size $\documentclass[12pt]{minimal}
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In Sect. [5.1](#Sec14){ref-type="sec"}, we compare ABC rejection and ABC importance sampling for likelihood-free optimal design for the case where a standard uniform prior distribution is specified for $\documentclass[12pt]{minimal}
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Comparison of likelihood-free design algorithms {#Sec14}
-----------------------------------------------

### Settings {#Sec15}

In the case where we have no prior observations, we assumed a uniform $\documentclass[12pt]{minimal}
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### Results {#Sec16}

All computations were performed on the SGI Altix 4700 SMP system using 20 nodes in parallel. For the ABC rejection method, it took about 28 h to generate the pre-simulated sample of length $\documentclass[12pt]{minimal}
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Figure [2](#Fig2){ref-type="fig"} shows the results for both methods for one particular simulation run. Designs are indicated by circles, where the number denotes the rank of the design with respect to the expected utility criterion, and the two fixed stations are indicated by black dots. The ranking of the designs is additionally visualized by the filling intensity: the circle for the design with the highest criterion value across both methods is darkest ($\documentclass[12pt]{minimal}
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The results of both methods correspond closely. There are only negligible differences with respect to the estimated design criterion values for the large majority of design points which lie in the middle between the two fixed stations, indicated by similar filling intensities in Fig. [2](#Fig2){ref-type="fig"}. On the other hand, rankings can differ considerably due to Monte Carlo error. However, we observe that differences in rankings occur for designs with approximately the same expected utility values. Therefore, all these designs are almost equally well-suited for conducting experiments, so differences in rankings are of minor interest. However, the expected utilities for the design points close to the fixed design point in the upper right corner as well as the design points in the lower right, which are far away from either fixed station, have notably lower expected utility values.

We varied the target effective sample sizes for both the ABC rejection method and the importance weight update method. The ABC rejection method was also run using increased ABC sample sizes of $\documentclass[12pt]{minimal}
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Incorporating information from prior observations {#Sec17}
-------------------------------------------------

As briefly mentioned in Sect. [3.3.2](#Sec8){ref-type="sec"}, information from prior observations can easily be incorporated to estimate the design criteria using the importance weight update algorithm. Information from prior observations can be processed by any suitable ABC algorithm to obtain an ABC posterior sample for the parameters, which serves as "input prior" sample in the importance weight update algorithm.

We illustrate the incorporation of information from prior data by using the data previously analyzed in Erhardt and Smith ([@CR12]). The data set contains maximum summer (June 1--August 31) temperature records collected at the 39 stations from 1895 to 2009 (115 observations). The daily data can be downloaded from the National Climatic Data Center (<http://cdiac.ornl.gov/ftp/ushcn_daily>). The block maximum for year $\documentclass[12pt]{minimal}
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                \begin{document}$$\{y_{t,i}(x)\}_{i=1}^{92}$$\end{document}$ denotes the 92 maximum daily temperature observations in summer. Erhardt and Smith ([@CR12]) performed checks of the GEV and Schlather model assumptions for this data set and concluded that the Schlather model is appropriate.

Following Erhardt and Smith ([@CR12]), we transformed the original data to unit Fréchet scale at each location using Eq.  ([4.1](#Equ9){ref-type=""}), where estimates of the marginal GEV parameters $\documentclass[12pt]{minimal}
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                \begin{document}$$9139$$\end{document}$ tripletwise extremal coefficients, which requires a more sophisticated discrepancy function compared to that in Sect.  [5.1](#Sec14){ref-type="sec"}. Dimension reduction was achieved by clustering the extremal coefficients according to the inter-site distances into 100 clusters. Only the average values within each cluster were used as summary statistics. Finally, the discrepancy between two vectors of summary statistics was computed by the Manhattan distance, for details see Erhardt and Smith ([@CR11]).
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                \begin{document}$$R=2000$$\end{document}$ (0.02 %) draws yielding the smallest values of the discrepancy to the original sample. The resulting posterior distribution is shown in Fig. [3](#Fig3){ref-type="fig"} (solid line). This distribution is more informative about the parameter than the flat uniform prior used in Sect. [5.1](#Sec14){ref-type="sec"} (dashed line).Fig. 3*Solid line* Kernel density estimate of ABC posterior obtained by combining information from previous observations with prior $\documentclass[12pt]{minimal}
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The ABC posterior sample was then used as prior sample in the importance weight update algorithm from Sect. [3.3.2](#Sec8){ref-type="sec"}, with the same settings as in Sect. [5.1.1](#Sec15){ref-type="sec"}: for each $\documentclass[12pt]{minimal}
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Figure [4](#Fig4){ref-type="fig"} shows the ranking of the design points when the ABC posterior for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda $$\end{document}$ is used as prior for the importance weight update algorithm. The gray levels correspond to the criterion values of the design points relative to the maximum value $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{U}({\varvec{\xi}}_{\max}) = 0.471$$\end{document}$ (rank 1 at station 27, dark grey) and the minimum value $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{U}({\varvec{\xi}}_{\min}) = 0.31$$\end{document}$ (rank 37 at station 17, white). The ranking exhibits the same general pattern as those in Fig. [2](#Fig2){ref-type="fig"} for the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U[2.5,17.5]$$\end{document}$ uniform prior. Points very close to one of the fixed points and points very far away from either fixed point have a lower expected utility than the design points in the middle.Fig. 4Rankings of expected utility criterion $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{U}({\varvec{\xi}}) = K^{-1} \sum _{k=1}^K \hat{u}_{LF}({\mathbf{z}}^{(k)},{\varvec{\xi}})$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{u}_{LF}({\mathbf{z}}^{(k)},{\varvec{\xi}}) = 1/\widehat{\text {Var}}_{\varvec{\xi}} (\lambda |{\mathbf{z}}^{(k)})$$\end{document}$ is the ABC posterior precision utility of the range parameter, when using the importance weight update method with the ABC posterior displayed in Fig. [3](#Fig3){ref-type="fig"} (*solid line*) as input prior

The distribution of the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K = 2000$$\end{document}$ simulated utility values $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{u}_{LF}({\mathbf{z}}^{(k)},{\varvec{\xi}}) = 1/\widehat{\text {Var}}_{\varvec{\xi}}(\lambda |{\mathbf{z}}^{(k)})$$\end{document}$ is displayed in Fig. [5](#Fig5){ref-type="fig"}, where the 37 designs are numbered as in Fig. [1](#Fig1){ref-type="fig"}. One can see, for example, that stations 15 and 17 in Minnesota, which are situated close to the top right station, have comparably low utility values.Fig. 5Boxplots of the $\documentclass[12pt]{minimal}
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In Section 2 of Online Resource 1, we investigate the effect of the Monte Carlo error on the design rankings in this example by performing several simulation runs. The rankings differ in particular for the designs in the middle. For these, however, the criterion values are very similar.

When we use another pre-simulated sample, only minor shifts in the resulting rankings occur, which indicates that our choice of $\documentclass[12pt]{minimal}
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Conclusion {#Sec18}
==========

In this paper we presented an approach for Bayesian design of experiments when the likelihood of the statistical model is intractable and hence classical design, where the utility function is a functional of the likelihood, is not feasible. In such a situation ABC methods can be employed to approximate a Bayesian utility function, which is a functional of the posterior distribution. For a finite design space, the conceptually straightforward approach is to run ABC for each design and each data set $\documentclass[12pt]{minimal}
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                \begin{document}$$k = 1,\ldots ,K$$\end{document}$, but this will typically be computationally prohibitive.

As we demonstrate here, a useful strategy is to pre-simulate data for a sample of parameter values at each design. Employing ABC rejection sampling or ABC importance sampling then allows to obtain approximations of the utility function. In our application, the importance weight update method turns out to be particularly useful to incorporate information from prior observations. Both methods are also applicable to situations where the likelihood is in principle tractable, but the posterior is difficult or time-consuming to obtain.

A notorious problem of any ABC method is the choice of the summary statistics, as in problems where one will resort to ABC methods typically no sufficient statistics are available, and the quality of the ABC posterior as an approximation to the true posterior critically depends on the summary statistics. The usefulness of the tripletwise extremal coefficient was validated by Erhardt and Smith ([@CR11]). It therefore seems appropriate as ABC summary statistic in our application, where the goal is to find the optimal design consisting of three weather stations. For higher-dimensional designs different summary statistics with lower dimension might be more advantageous.

A further drawback of the presented approach is that memory space and/or computing time restrictions will only permit optimization over a rather small number of designs. For a large design space, a stochastic search algorithm, e.g. as in Müller et al. ([@CR27]), should be employed.
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